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EQUATIONS OF LOG DEL PEZZO SURFACES OF
INDEX ≤ 2
GRZEGORZ KAPUSTKA AND MICHA KAPUSTKA
Abstrat. Del Pezzo surfaes over C with log terminal singular-
ities of index ≤ 2 were lassied by Alekseev and Nikulin. In this
paper, for eah of these surfaes, we nd an appropriate morphism
to projetive spae. These morphisms enable us to desribe log del
Pezzo surfaes of index ≤ 2 by equations in some weighted proje-
tive spae. Obtained results give a natural ompletion of similar
results of Du Val, and Hidaka and Watanabe, desribing del Pezzo
surfaes of index 1.
Introdution
A log del Pezzo surfae is a omplex surfae with quotient singulari-
ties whose anti-anonial divisor is ample. The index of a log del Pezzo
surfae Z is the minimal number i ∈ N suh that the divisor iKZ is a
Cartier divisor.
Log del Pezzo surfaes of index 1 have been studied by Du Val in
[DVa, DVb℄, Demazure in [D℄, and nally lassied by Hidaka and
Watanabe in [HW℄. Hidaka and Watanabe gave two lassiations, the
rst one is in terms of blowing ups and blowing downs, whereas the
seond one is in terms of equations in some weighted projetive spae.
In presented paper, we study log del Pezzo surfaes of index ≤ 2.
These surfaes were lassied by Nikulin and Alekseev in terms of di-
agrams (graphs) of exeptional urves on an appropriate resolution of
singularities (see [AN℄). This is a ounterpart of the rst lassiation
of Hidaka and Watanabe. Our aim is to extend their seond desription
to this larger family of log del Pezzo surfaes. That is, we are inter-
ested in nding simple equations in some weighted projetive spae
desribing them.
The main results of the paper (Theorems 2.2, 4.1, 5.2 and 5.3) may
be formulated as the following theorem.
The work was done during the authors stay at the University of Liverpool sup-
ported by the Marie Curie program.
MSC-lass: 14J26; 14J28, 14J10.
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Theorem 1. If Z is a log del Pezzo surfae of index 2 then we have
one of the following ases:
a) K2Z = 1 and Z is isomorphi to a hypersurfae of degree 6 in
P(1, 1, 2, 3)
b) K2Z = 2 and Z is isomorphi either to a hypersurfae of degree
8 in P(1, 1, 4, 4) or to a hypersurfae of degree 4 in P(1, 1, 1, 2)
) K2Z = 3 and Z is isomorphi to a omplete intersetion in
P(1, 1, 1, 1, 2) of two hypersurfaes of degree 2 and 3 respetively
d) K2Z ≥ 4 and Z an be embedded in P(1
K2
Z
+1, 2) in suh a way
that its ideal is generated by elements of degree 2 and 3. More-
over Z is then:
(i) either isomorphi to a one over a rational normal quarti
urve
(ii) or ontained in a threefold one isomorphi to a one over
a Veronese embedding of a rational normal srollar surfae
or P2.
The main idea of the proof is to study embeddings of K3 surfaes
assoiated by Alekseev and Nikulin ([AN℄) to eah onsidered del Pezzo
surfae.
In setion 0 we revise the onstrution of assoiated K3 surfaes and
ollet some preliminary results onerning log del Pezzo surfaes and
their resolutions.
In setion 1 we introdue a linear system |Dg| on the onstruted K3
surfae and then, we use results of Saint-Donat (see [SD℄) to desribe
the morphism given by it. The morphism desent to a mapping from
the log del Pezzo surfae to the quotient of the projetive spae by a
hyperplane symmetry. In most ases, our desription is related to the
morphism given by the anti-anonial divisor.
We onsider eah of the ases from the theorem in a separate setion.
In eah of these setions beside proving the appropriate part we make
a deeper analysis of the obtained examples.
Setion 2 deals with surfaes Z for whih g = K2Z + 1 = 2. The
aim of that setion is to give a omplete desription of log del Pezzo
surfaes having above property. The rst theorem (Thm. 2.1) gives
a desription in terms of overings. More preisely we nd a 2:1 mor-
phism onto a quadri one in P3 (that is onto the weighted projetive
spae P(1, 1, 2)) and desribe its branh lous. The equations follow
then easily (Thm. 2.2).
In this setion, obtained equations our as natural deformations
(and some kind of ompletion) of analogous equations desribed in
[HW℄ for Gorenstein log del Pezzo surfaes (i. e. of index 1).
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For instane Du Val, in [DVa, DVb℄, introdues Du Val singularities
as arising from the double overing of a quadri one branhed over
the intersetion of this one with a smooth ubi surfae not passing
through its vertex. This surfae is Gorenstein and log del Pezzo. We
obtain the ases where the ubi passes through the vertex as models
of log del Pezzo surfaes of index 2. This surfaes have a singularity
over the vertex of the one that is not Du Val. It is a singularity of the
so-alled type Kn.
The third setion deals with the ase when K2Z = 2. In this setion
we are adapting to the ase g = K2Z + 1 = 3 the same tehnis whih
had been used earlier for g = K2Z + 1 = 2. The dierene is that the
morphism |Dg| is no more 2:1. The desription looses a little bit of
its larity beause it not free from heking singularities of resulting
equations.
Here we also get a natural generalization of the analogous ase from
[HW℄. But there is one example that does not arise as a natural defor-
mation of any of the surfaes desribed there. Elements from this new
family happens to be the only ones that has more than one singularity
of index 2 (they have exatly 2 singularities of type K1).
The next setion gathers all remaining ases. After proving the main
theorem we desribe eah of the possibilities from its assertion in a more
preise way in ontext of the diagrams of exeptional urves from [AN℄.
However, forK2Z ≥ 5 the desription is not so preise as earlier. Instead
we use onstrutions given in [AN℄ to give a omplete list of families
of log del Pezzo surfaes of index 2 with g ≥ 6. We an moreover nd
a good desription for some of the examples from this list, separately
from the rest, by realizing them as quinti hypersurfaes in P(1, 1, 1, 4).
The last setion shows an appliation of these results from a dierent
point of view. With the help of [AN℄, we get the list of all ongura-
tions of singularities that an our in eah of the surfaes desribed
throughout all the paper. For example, we an list all possible ongu-
rations of ADE singularities on symmetri quartis in P3, extending the
desription of [HW℄ with the ases where the quarti passes through
the enter of symmetry. By studying intersetions of a quadri one
with a ubi in P3, we an do the same for symmetri sextis in P2.
A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0. Notation and basi tools
In this setion, we reall the notation and basi fats about log del
Pezzo surfaes of index ≤ 2, ontained in [AN℄, that we will use in the
paper.
First observe that the only singularities of index ≤ 2 on log del Pezzo
surfaes are Du Val (of index 1) or of the type Kn.
Denition 0.1. A singularity on a surfae is alled of type Kn if the
exeptional divisor of its minimal resolution is one of the following
ongurations of n urves:
 a rational urve of self intersetion −4 for n = 1
 two rational urves of self intersetion −3 utting in one point for
n = 2
 two rational urves of self intersetion −3 onneted by a hain of −2
urves for n ≥ 3
In other terms the diagram of exeptional urves in the minimal
resolution is the following:
(i)
❝❛
for n=1
(ii)
❝
x
❝
x
for n=2
(iii)
❝
x
s s s ❝
x
. . .︸ ︷︷ ︸
n
for n ≥ 3
Where a blak vertex denotes a rational −2 urve a double transparent
vertex a rational −4 urve and a rossed transparent vertex a rational
−3 urve.
To work with log del Pezzo surfaes, we need to resolve their sin-
gularities. In our ontext, the interesting resolution will not be the
minimal one, but the right resolution introdued in [AN℄.
Denition 0.2. If Z is a log del Pezzo surfae of index ≤ 2 its resolu-
tion of singularity is alled right if and only if:
(i) it is a minimal resolution of the Du Val singularities
(ii) the singularities of type Kn are resolved by omposing the minimal
resolution with the blowing up of all points of intersetion of urves in
the exeptional divisor. The exeptional divisor takes the form:
❝ ❝ ❝ ❝ ❝❛ ❛ ❛
. . .︸ ︷︷ ︸
2n−1
where transparent verties denote −1 urves.
Denition 0.3. A right DPN surfae of ellipti type surfae (for us
shortly a DPN surfae) is a smooth surfae that we an obtain as a
right resolution of a log del Pezzo surfae of index ≤ 2.
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For basi properties and haraterization of DPN surfaes we refer
the reader to [AN℄, where they were dened in a dierent but equivalent
way.
From now on, Z will denote a log del Pezzo surfae of index ≤ 2, on
whih we shall put additional onditions depending on the subfamily
we are going to work with.
We will denote by g the number K2Z + 1. This invariant plays an
important role in the lassiation of log del Pezzo surfaes of index
≤ 2 given in [AN℄. It has a geometrial interpretation, as we an see
below in the following onstrution.
Constrution 0.1 (see [AN, se 2.1℄). Let Z be a log del Pezzo surfae
of index ≤ 2. Let r : Y −→ Z be its right resolution. Y is then a right
DPN surfae of ellipti type. Denote by Ei (for i ∈ {1, . . . , k}) the
(−4) exeptional urves of r. From [AN, thm 1.5℄, we know that in
the system | − 2KY |, there exists a smooth urve C of the form C =
Cg+E1+E2+· · ·+Ek (in partiular Cg.Ei = 0), where Cg ∈ |r
∗(−2KZ)|
is a smooth urve of genus g. We an now take the double overing
pi : X −→ Y of Y branhed in the urve C. By adjuntion formula, X
is a K3 surfae.
Remark 0.1. In the above onstrution, we have a large hoie of urves
Cg, eah of them giving by this onstrution a dierent K3 surfae X .
We will hoose one of them and keep this notation as xed throughout
the paper (however, in a suitable plae, we will show what hanges if
we make another hoie).
We an see from the onstrution that, any right DPN surfae of
ellipti type an be obtained as a quotient of some K3 surfae X by
an involution θ with xed lous being a smooth urve of the form
Dg + F1 + · · · + Fk, where Dg is a urve of genus g ≥ 2 and Fi are
rational. Suh an involution on a K3 surfae is alled non-sympleti
of ellipti type. The onverse is also true, namely if X is a K3 surfae
and θ a non-sympleti involution of ellipti type, then the quotient of
X by θ is a right DPN surfae of ellipti type.
An involution is alled non-sympleti if its xed lous is a smooth
urve. This type of involution is also haraterized in the following way.
Let ωX be any non-zero regular 2-dimensional dierential form on X ,
then an involution θ is non-sympleti if and only if θ∗(ωX) = −ωX .
An involution on a K3 surfae that does not satisfy this ondition has
to be a sympleti involution, that is θ∗(ωX) = ωX , and then its xed
lous is a nite set of points.
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Together with g = K2Z+1 in the lassiation ontained in [AN℄ two
more invariants are important. They are alled k and δ (see [AN, Se.
2.3℄).
The number k is related to the type of singularities of index 2 ap-
pearing on the del Pezzo surfae. It is the number of −4 urves on the
orresponding DPN surfae. It happens that in most of the ases there
is only one singularity of this index, it is by denition a singularity Kk.
The only exeptions are del Pezzo surfaes with two K1 singularities,
they all form one family in the desription of [AN℄ (in the Table 3 it
has number 25) and naturally have k = 2 by denition.
The invariant δ takes only one of two values 0 or 1. The δ = 0 if and
only if the redued urve pi−1(Cg + E1 + · · ·+ Ek) is divisible by 2 in
the Piard lattie of the K3 surfae X .
Table 3 in [AN℄ gives a omplete list of possible diagrams of exep-
tional urves on right DPN surfaes of ellipti type. It is very long, so
for lak of spae we refer to the original paper. However, we should
reall some basi fats about how to understand this list.
As earlier, blak verties denote −2 urves, transparent ones −1
urves and double transparent ones −4 urves. Eah of them orre-
sponds to a family of DPN surfaes that we onstrut by blowing up
P2, P1 × P1 or some Fn to obtain a onguration of exeptional urves
(urves with negative self-intersetion) as in the diagram.
We denote the diagram of exeptional urves on a DPN surfae Y
by Γ(Y ). The graph of blak verties in a diagram Γ determines the
type and the onguration of Du Val singularities on the orrespond-
ing del Pezzo surfaes. It is alled the Du Val part of the diagram
and is denoted by Duv(Γ). The Table 3 in [AN℄ does not ontain all
diagrams, eah of them generate a number of others orresponding to
any subgraph of Duv(Γ). In this way for any subgraph D ⊂ Duv(Γ)
there is a DPN surfae with a onguration of -2 urves desribed by
D.
The double transparent verties together with those transparent ones
that are onneted with two double transparent ones form a subgraph
alled the logarithmi part of the diagram Γ and denoted by Log(Γ).
To obtain a log del Pezzo surfae from a DPN surfae with a diagram
Γ of exeptional urves, we need to ontrat the urves from Log(Γ) and
Duv(Γ). These graphs desribe the index 2 and the Du Val singularities
of the obtained del Pezzo surfae respetively. We see that if Γ is a
diagram from Table 3 in [AN℄, then for any subgraph D ⊂ Duv(Γ)
there is a del Pezzo surfae with a onguration of Du Val singularities
desribed by D.
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We know also that the urves from a diagram of exeptional urves
of a DPN surfae Y represent all exeptional urves on Y . Exept the
ases where Pic(Y ) is generated by ≤ 2 elements (this happens only
when Y is isomorphi to P2, P1 × P1 or some Fn), these exeptional
urves generate Pic(Y) = Num(Y ). This last equation follows from the
fat that Y is obtained from P2, P1 × P1 or some Fn by a sequene of
blowing ups. The diagram lifts up to a onguration of urves on the
K3 surfae X in suh a way that the pre-images of double transparent
and transparent verties are smooth rational urves on X and the pre-
images of blak verties split up to two disjoint omponents eah of
them being a smooth rational urve on X . The obtained urves are all
rational urves on X .
Observe (see [AN, Rem 3.2℄) that it is easy to write down the urve
Cg as numerially equivalent to a ombination of verties of the dia-
gram, as we know the intersetion numbers with eah of these verties.
Indeed if V is a urve represented by a vertex of the diagram, then:
• Cg.V = 0 if V is represented by a double transparent vertex or
a blak vertex,
• Cg.V = 2− i if V is represented by a transparent vertex and i is
the number of intersetion points of V with urves represented
by double transparent verties.
1. General onstrution
Let us rst do a general onstrution that we will use throughout all
the paper. We x the notation from the disussion in setion 0. Let
Dg ⊂ X be the redution of the divisor pi
∗Cg. Observe that the urve
Dg is isomorphi to Cg and that pi
∗Cg = 2Dg
The aim of the onstrution is to nd a natural and easy to desribe
morphism from Z to a weighted projetive spae. We will use the
morphism given by |Dg| on the K3 surfae X . First we need to ompute
some invariants to onstrut a suitable diagram.
Lemma 1.1. The following formulas hold
1) dim |Cg| = 3g − 3
2) C2g = 4g − 4
3) dim |Dg| = g
4) D2g = 2g − 2
Proof. Observe that |2Dg| = |pi
∗(Cg)| and use Riemann-Roh theorem.

On X , we have an involution determined by the overing pi, let us
denote it by i. This i xes the urve Dg so, ats on its linear system.
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One obtains an involution on H0(X,OX(Dg)) and so on its projetivi-
sation Pg. Suh an involution, sine it is not the identity, is a symmetry
s with respet to two disjoint linear subspaes generating Pg (beause
it is a symmetry in the assoiated ane spae). By denition, we have
that:
(1.1) ϕ|Dg| ◦ i = s ◦ ϕ|Dg|.
In partiular the image ϕ|Dg|(X) is symmetri with respet to s. Sine
the urve Dg is ontained in the xed part of i, its image ϕ|Dg| has
to be ontained in one of the xed subspaes. But this image spans
a hyperplane H in Pg. Hene s is a symmetry with respet to the
hyperplane H and some point O. We an onsider α : Pg −→ P(1g, 2)
the quotient morphism of the symmetry s. Now, we need only to nd
a morphism to lose the diagram as in the following lemma.
Lemma 1.2. There exists a morphism ϕ suh that the following dia-
gram ommutes:
(1.2)
X Pg
Y Z P(1
g, 2) P
g(g+1)
2
[
[
[
[
[
[^
pi
w
ϕ|Dg |
u
α
w
r
w
ϕ
w
ψ
Here ψ denotes the natural embedding of P(1g, 2) into P
g(g+1)
2
given by
all monomials of weighted degree 2.
Proof. Observe that the urves Ei are also invariant and are not in the
pre-image ϕ∗|Dg|(H), so they have to map to the point O. We know
that the morphism α ◦ ϕ|Dg| : X −→ P(1
g, 2) is invariant under i, so
it fators through pi whih is the quotient morphism of the involution
i. In a natural way, we have obtained a morphism φ : Y −→ P(1g, 2)
making the diagram ommutative. Observe that:
pi∗((ψ ◦ φ)∗(O
P
g(g+1)
2
(1))) = (ψ ◦ φ ◦ pi)∗(O
P
g(g+1)
2
(1)) =
(ψ ◦ α ◦ ϕ|Dg|)
∗(O
P
g(g+1)
2
(1)) ⊂ |2Dg| = |pi
∗(Cg)|.
By projetion formula, we dedue that eah element of the system
(ψ ◦ φ)∗(O
P
g(g+1)
2
(1)) is numerially, thus also linearly (see setion 0),
equivalent to Cg. This means that the morphism ψ ◦ φ is given by a
subsystem of |Cg|. Hene ψ ◦ φ fators through the morphism r that
only ontrats urves F suh that F.Cg = 0. 
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Remark 1.1. Changing oordinates in Pg to x0, x1, .., xg, we an assume
H to be xg = 0 and O the point (0 : 0 : ... : 0 : 1). From now on, we
make this assumption.
Remark 1.2. If in Lemma 1.2 we use another urve Cg ∈ | − 2KZ |, the
morphism ϕ will stay unhanged. It is just the branh lous of the
quotient by the symmetry s that hanges. It simply beomes another
smooth hypersurfae of weighted degree 2 in P(1g, 2).
2. Del Pezzo surfaes with g = K2Z + 1 = 2
We an now pass to the desription of the rst family of log del
Pezzo surfaes of index ≤ 2. From now on, in this setion, Z is a del
Pezzo surfae with g = 2 (i. e. K2Z = 1). We an formulate the main
theorem.
Theorem 2.1.
1) Let Z be a log del Pezzo surfae with g = K2Z + 1 = 2. The map
given by the linear system | − 2KZ| is a nite 2 : 1 morphism onto
a quadrati one Q in P3. The branh divisor R of this morphism is
redued and is the intersetion of the one Q with a smooth ubi (the
morphism is also branhed in the vertex of the one). Moreover R is
not the intersetion of Q with three planes meeting in a point lying on
this one.
2) Conversely, the normal double overing of a quadrati one Q′ ⊂ P 3,
branhed over suh an intersetion R′ (it is enough to assume that the
ubi is smooth in the vertex of the one), is a log del Pezzo surfae of
index ≤ 2 with g = 2.
Let us rst prove the following lemma desribing the singularities
that an our on a symmetri plane sexti whih will appear in this
setion later.
Lemma 2.1. Let K be a redued plane sexti, whih is symmetri with
respet to a line H and a point O, and not ontaining the symmetry line
H, and with at most a double singularity in the enter of symmetry O.
Then K an have only simple singularities or it the sum of three tangent
onis. Moreover, if K passes through O, it has at O a singularity of
type An with n being an odd number.
Proof. Let us denote the symmetry with respet to O and H in P2 by
s. Choosing appropriate oordinates, we an assume that
s : P2 ∋ (x : y : z) 7→ (x : y : −z) ∈ P2.
We rst onsider the ase when K passes through O. Suppose that
K is singular in some point P 6= O. Then it is also singular in its
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symmetri adjoint P ′ = s(P ) with the same multipliity. Take the line
L = PP ′. If L is not a omponent of K, then from the Bézout theorem
the singularities in P and P ′ have multipliity at most 2. If L is a
omponent of K, then K is the sum of L and some quinti K5, suh
that L 6⊂ K5. From Bézout theorem the singularities in the points P
and P ′ of K5 have multipliity at most 2 and L is not any of their
tangent ones. This means, that the tangent ones to K at P and
P ′ onsist of at least two lines. From the haraterization of Du Val
singularities (see [BPV℄), we dedue that K has in P and P ′ simple
singularities.
As we have assumed the singularity of K at the point O is a double
singularity hene is of some type An. To determine this n onsider the
double overing pi2 : X˜ −→ P
2
branhed over the sexti K. The surfae
X˜ is then a K3 surfae with Du Val singularities, and a singularity An
in the inverse image of O. We an see that X˜ is given in P(1, 1, 1, 3)
with oordinates x, y, z, t by the equation t2 = F (x, y, z), where F is
the equation of K in P2 . Consider the involution P(1, 1, 1, 3) ∋ (x :
y : z : t) 7→ (x : y : −z : t) ∈ P(1, 1, 1, 3), we an indue it to X˜ . In
this way, we obtain an involution i˜ on X˜. Observe that pi2 ◦ i˜ = s ◦ pi2.
Consider the minimal resolution X of X˜. It is a K3 surfae. The
involution i˜ on X˜ lifts up to an involution i on X in suh a way that
the inverse image on X of the symmetry point is a graph of urves of
type Af whih preserved by the involution.
Let us look how i ats on the graph Af . This graph is obtained from
X˜ as the graph of exeptional divisors of suessive blow ups and eah
blow up lifts the involution i˜. In this way all urves from the graph
are preserved by the involution i and the rst one is xed. From the
desription of involutions on K3 surfaes (see setion 0) the xed lous
of i is a smooth urve. In partiular i annot have isolated xed points
and no two xed urves from the graph interset. Moreover as the
graph Af of exeptional urves does not interset any xed urve not
from this graph, every xed point in this exeptional lous has to lie
on a xed urve from the graph. Now it is enough to observe that, if a
urve is preserved by the involution, then this involution indued on it
is either the identity or has exatly two xed points. This means that
every seond urve from the hain Af is xed by i and that the urves
at both ends of the hain are xed. By this last argument, we see that
we had to blow up an odd number of times.
If K does not pass through O, then we an use [HW℄. 
Let us pass to the proof of the theorem.
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Proof of Theorem 2.1.
1) We do the general onstrution desribed in the previous setion
and keep the notation xed there. We will rst desribe the morphism
given by |Cg| = r
∗(|−2KZ |) on the DPN surfae Y (after that, we will
fator it through r).
We have g = 2 and D2 is a smooth urve of genus 2 (hene it is
hyperellipti) on a K3 surfae. From [SD, 5.1℄ this urve gives a 2 : 1
morphism to P2 branhed over a redued sexti with Du Val singu-
larities. We denote this urve by R6. This R6 has to be symmetri
with respet to H and O, beause from the property 1.1, we have
ϕ−1|D2|(p) = i ◦ ϕ
−1
|D2|
(s(p)) and i is a bijetion. Sine the pullbak to X
of the line H = {z = 0} is |D2| (it is smooth of genus 2), the sexti R6
has to ut H transversely. In partiular, it annot have any singularity
on H . The diagram from Lemma 1.2 takes the form.
X
ϕ|D2|−−−→
2:1
P2
pi
y α˜
y
Y −−−→
ψ◦ϕ◦r
P3
Here α˜ := ψ ◦ α : P2 −→ P3 is given by (x20 : x
2
1 : x0x1 : x
2
2), thus its
image is a quadri one Q. Observe that the branh divisor of the map
ψ ◦ ϕ ◦ r is the image by α˜ of the sexti R6.
We laim that this branh divisor is a redued intersetion of the
one Q with a smooth ubi.
Indeed, let F be the equation of R6 in P
2
. The equation F ◦ s also
denes R6 so F◦s = F or F◦s = −F sine F◦s◦s = F . Now F◦s = −F
is impossible beause the xed line of the symmetry s annot be a
omponent of R6 (as R6 is redued and symmetri of degree 6). We
have F ◦s = F so F (x0, x1, x2) = G(x
2
0, x
2
1, x0x1, x
2
2) where G(t, u, v, w)
is a homogenous equation of degree 3. We know that R6 an have only
a singularity An in the symmetry point (0 : 0 : 1) so G denes a variety
in P3 smooth in the point (0 : 0 : 0 : 1). Moreover, we an hoose G to
dene a smooth ubi in P
3
, by adding a degree 3 polynomial divisible
by (v2 − tu) (the generi element of this system will be good sine its
intersetion with the one is redued).
Coming bak to the proof of the theorem, we have proved that the
morphism ψ ◦ ϕ ◦ r is a morphism of degree 2 onto a one Q with
branh divisor being the intersetion of Q with a smooth ubi R.
Moreover from the proof of Lemma 1.2 (ψ ◦ ϕ ◦ r)∗(OP3(1)) ⊂ |C2|.
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From Lemma 1.1 dim |C2| = 3. This means that these systems have
the same dimension, hene are equal. Finally
ψ ◦ ϕ ◦ r = ϕ|Cg| = ϕr∗|−2KZ |.
This morphism ontrats only the urves F suh that F.Cg = 0. Thus
the morphism ψ ◦ ϕ is equal to ϕ|−2KZ |, and it is a nite 2:1 morphism
onto the one Q branhed in Q ∩ R and the vertex of the one.
Sine Pic(Q) has no torsion, the normal double overing of Q is
uniquely determined by its branh divisor. Hene Z is isomorphi to
the normal double overing of the one Q branhed in the intersetion
of Q with a smooth ubi R. The last assertion of 1) follows now from
the fat that the normal double overing of a one branhed over the
intersetion of this one with three hyperplanes meeting at a point on
it, has an ellipti singularity (see [HW℄). Thus it annot be isomorphi
to Z.
2) To prove the seond part, we repeat the same reasoning reon-
struting it bakwards. We will use analogous notation for analogous
objets but with added primes. Let Z ′,Q′,R′ be surfaes as in part 2)
of the theorem. Let H1 be a hyperplane in P
3
that uts transversely
the intersetion urve of the one Q′ with the ubi R′. We an hoose
oordinates t′, u′, v′, w′ in P 3 in suh a way that H1 = {w
′ = 0} and
the point (0 : 0 : 0 : 1) is the vertex of the one Q′. Take the normal
double overing α˜′ : P2 ∋ (x′, y′, z′) 7→ (x′2, y′2, y′z′, z′2) ∈ Q′ ⊂ P3 of
the quadri one Q′ (that is P(1, 1, 2) ) branhed over the intersetion
of Q′ with H1 (that is over a degree 2 hypersurfae in P(1, 1, 2)). The
inverse image of this intersetion is a redued plane sexti R′6 sym-
metri with respet to the overing involution s′ (whih has to be the
symmetry with respet to a line and a point). This R′6 uts transversely
the xed line H ′ of this involution and has a singularity of multipliity
≤ 2 in the enter of symmetry O′ (the inverse image of the vertex of
the one).
By Lemma 2.1 R′6 must have Du Val singularities. The desingular-
ization of the double overing of P2 branhed over the sexti R6 is a K3
surfae X ′. In the same way as in the proof of Lemma 2.1, we obtain
an involution i′ on X ′.
The inverse image of the xed line H ′ is ontained in the xed part
of the involution i′ and sine R′6 uts H
′
transversely it is a urve of
genus 2 (this is a double overing of P1 branhed in 6 points). Sine the
xed lous of an involution on a K3 surfae has onstant dimension,
the xed lous of i′ is of odimension 1 in X . This implies that i′ has to
be a non-sympleti involution of ellipti type. So using [AN, thm 2.1℄
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the quotient of X ′ by this involution is a right DPN surfae of ellipti
type. Contrating all exeptional urves from LogΓ(Y ) and DuvΓ(Y )
(see [AN, thm 4.1℄), one obtains a log del Pezzo surfae Z ′′ of index 2
with K2Z′′ = 1.
The normal surfae Z ′′ is a double overing of the one Q′ branhed
along the intersetion of Q′ with the ubi R′, so it is isomorphi to Z ′.
Thus Z ′ is itself a log del Pezzo surfae of index ≤ 2 and g = 2. 
Remark 2.1. Du Val in [DVa℄ onsidered the double overing of a one
branhed over the vertex and the intersetion of this one with a smooth
ubi not passing through the vertex. He determines the types of sin-
gularities that arise in this way (Du Val singularities). Here, we have a
situation a bit more general. In our ontext the ubi an pass through
the vertex of the one. The ase where it does pass gives rise to a
little more ompliated singularity (of index 2) that we an determine
exatly in the following way.
As we know from [AN℄ (see setion 0), the only singularities of index
2 are of type Kn. Hene, we need to determine n. We an do this as
follows.
The minimal resolution of the one Q is the ruled surfae F2. We
an easily ompute that the pullbak of the ubi (passing trough the
vertex of the one) is then an element L ∈ |6f + 2C| (where C is the
exeptional urve and f a ber) that has neither multiple omponents
nor C as a omponent. Now, if neessary by resolving the singularity
of L on C, we nd n.
The following theorem gives a desription of log del Pezzo surfaes of
index ≤ 2 and with g = 2 in terms of equations in weighted projetive
spae.
Theorem 2.2.
1) Let Z be a log del Pezzo surfaes of index ≤ 2 with g = 2. Then Z is
isomorphi to a hypersurfae in P(1, 1, 2, 3) (with oordinates x, y, z, t)
dened by an equation F of degree 6 of the form
F (x, y, z, t) = t2 −G(x, y, z) = 0
where the urve in P2 (with oordinates a,b,) given by the equation
G(a, b, c2) is redued, has at most a double singularity in (0, 0, 1) and
is not the sum of three tangent onis.
2) Conversely eah hypersurfae Z ′ in P(1, 1, 2, 3), dened by an equa-
tion as above is a log del Pezzo surfae of index ≤ 2 with g = 2.
Proof. First let us prove that the hypersurfae in P(1, 1, 2, 3), dened
by the equation F is normal.
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We know that F denes a hypersurfae with isolated singularities.
Aording to [IF℄ it is enough hek normality in the singular points of
P(1, 1, 2, 3). But P(1, 1, 2, 3) has only two singularities (0 : 0 : 0 : 1),
(0 : 0 : 1 : 0) and sine we have F (0, 0, 0, 1) 6= 0, it is enough to hek
that this hypersurfae is normal in (0 : 0 : 1 : 0). This point is obtained
as a quotient of the du Val singularity t2 −G(x, y, 1) = 0 (in the ane
piee z = 1) by the ation of Z2 (the symmetry trough (0, 0, 0)). Sine
this ation lifts to the universal overing of the du Val singularity, the
point (0, 0, 1, 0) is a quotient singularity. Hene, aording to [B℄, it is
normal.
To nish the proof, we use Theorem 2.1 and the fat that the normal
double overing of a quadri one is uniquely determined by its branh
divisor. 
Remark 2.2. We an determine the main invariants (g, k, δ) of the
obtained del Pezzo surfae Z ′ from the geometry of the sexti (G = 0)
in P2.
We have g = 2.
If the sexti {G = 0} has a double point of type Af in the symmetri
point, then from Lemma 2.1 f = 2l + 1. Moreover, as we ould see
in the proof of this lemma l is the number of rational urves in the
xed lous of the involution on the orresponding K3 surfae X , that
is l = k.
To ompute the invariant δ, we resolve the singularities of the sexti
{G = 0} and form a diagram of exeptional urves on X . Next, we
ompute δ from the denition. That is, we hek how the obtained
exeptional urves interset D2 + pi
−1(E1) + · · · + pi
−1(Ek). Sine we
have obtained the diagram of exeptional urves, we an also look at
[AN, table 3℄.
3. Del Pezzo surfaes with g = K2Z + 1 = 3
In this setion Z is a log del Pezzo surfae of index ≤ 2 with g = 3.
As the main result, we get the following theorem whih gives us a
desription of all suh surfaes.
Theorem 3.1.
1) Let Z be a log del Pezzo surfae of index ≤ 2 and with g = 3. Then
Z is isomorphi to one of the following:
(a) a hypersurfae of degree 8 in P(1, 1, 4, 4) (with oordinates x,
y, z, t) given by an equation of the form t2 = G(x, y, z) where
the equation G(a, b, c4) = 0 denes in P2 (with oordinates a, b,
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c) a redued oti with simple singularities whih does not pass
through the point (0 : 0 : 1).
(b) a hypersurfae of degree 4 in P(1, 1, 1, 2) given by an equation
F (x, y, z, t) = 0 where {F (a, b, c, d2) = 0} is a quarti in P4
(with oordinates a, b, c, d) with ADE singularities.
2) Conversely, every surfae desribed by equations as in above ases
is a log del Pezzo surfae of index ≤ 2 with g = 3.
Proof. Let Z be a log del Pezzo surfae of index ≤ 2 with g = 3. Using
the Lemma 1.2, we get the ommutative diagram 1.2. Aording to
[SD, 4.1℄, we have two possibilities. The morphism given by the linear
system |D3| is:
• either birational to a quarti with Du Val singularities in P3 (it
is alled the non-hyperellipti ase)
• or 2:1 to a quadri in P3 (it is alled the hyperellipti ase)
Moreover, we know that the image ϕ|D3|(X) is symmetri. We shall
separately onsider the two ases.
The non-hyperellipti ase - We an see in this ase, that the
quarti does not have any singularity on the hyperplane of symmetry.
Then ϕ from Lemma 1.2 is a nite birational morphism to the quo-
tient of the quarti ϕ|D3|(X) by the symmetry. Sine this quarti is
irreduible, using a similar argument as in the proof of Theorem 2.1
we see that its equation is also symmetri. Hene, its quotient is given
(after a suitable hange of oordinates) by an equation in P(1, 1, 1, 2)
as in ase (b) of the theorem. To prove that ϕ is an isomorphism, we
need only to remark that the quotient of the quarti is normal. This is
beause the only singularity that is not Du Val appears as a quotient
of a Du Val singularity, and this gives a quotient singularity (see proof
of Theorem 2.2).
The hyperellipti ase - A priori, we have two sub-ases:
The quadri is smooth. Then the enter of symmetry must lie
outside the quadri and taking the quotient, we get an equation of
degree 2 in P(1, 1, 1, 2) not vanishing at the point (0 : 0 : 0 : 1),
that is an equation of a surfae isomorphi to P2. And ϕ from the
Lemma 1.2 is a 2:1 morphism to this surfae. In this ase Z an
have only Du Val singularities (as the branh lous of ϕ is loally
isomorphi to the branh lous of the morphism given by |D3|, i.e.
has simple singularities). We an then obtain Z as a double overing
of P2 branhed over a quarti with simple singularities, that is ase (b)
from the theorem, but, in fat we will see in Remark 4.2, that this ase
never ours.
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The quadri is a one. It is then isomorphi to P(1, 1, 2). Let
us denote this one by Q. The image of the urve D3 is a hyperplane
setion of Q hene a oni D˜ (it is smooth rational urve). But D3 is
a smooth urve of genus 3, so the restrition of the map given by |D3|
to it, is a double overing of the oni D˜ branhed in 8 distint points.
Moreover the generi ray of the one Q is the image of an ellipti urve,
so the map, restrited to it, is branhed in 4 distint points. This gives
us the branh lous to be a symmetri urve R8 with only Du Val
singularities, whih is the intersetion of the one with a quarti (i.e.
a urve of degree 8 in P(1, 1, 2)). The points of intersetion of this
urve with a generi ray is a symmetri onguration of four points.
Suh onguration on a generi ray does not have any point lying on
the oni D˜ (as R8 uts D˜ in 8 points) so do not ontain the enter of
symmetry (that is the vertex of the one). Thus the branh lous does
not pass through the vertex of the one. After taking the quotient
by the symmetry, we get ϕ to be a 2:1 morphism to P(1, 1, 4) with
branh lous whih is a urve of degree 8 that does not pass through
the point (0:0:1). Let us onsider the variety Z˜ in P(1, 1, 4, 4) given
by the equation as in ase (a) from the assertion, with G dening the
branh lous R8. To prove that we are in this ase (a), we need to
prove that Z is isomorphi to Z˜. As Z and Z˜ have a 2:1 morphism
onto P(1, 1, 4) with the same branh lous, it is enough to prove that Z˜
has only quotient singularities, hene is normal. The only singularities
of Z˜ are:
-The singularities of the branh lous - they are Du Val beause the
branh lous has only simple singularities and do not pass through the
singular point (0 : 0 : 1),
- and the points in the pre-image (by the projetion) of the singularity
on the base - but the projetion is a loal (analyti) isomorphism of
their neighborhood with the singularity of P(1, 1, 4) that is of type
1
4
(1, 1).
This shows that we are in ase (a) of the theorem and ompletes the
proof of the rst part.
For the onverse let us take a surfae desribed in one of the ases
(a), (b). We an hek by adjuntion formula that they are del Pezzo
surfaes (we have already heked that they are normal). The only
thing we need to prove is their type of singularities (index ≤ 2). We
have omputed that in ase (a) where the only non Du Val singularities
are
1
4
(1, 1) that is of type K1.
In ase (b) all singularities are Du Val exept the singularity in the
point (0:0:0:1) that is the quotient by the symmetry s of the singularity
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of the quarti given by the equation {F (a, b, c, d2) = 0} in the point
(0:0:0:1). To prove that it is of type Kn, we need to prove that above
quarti has a A2n+1 singularity in this point. This is a onsequene of
the following lemma:
Lemma 4. If S is a surfae in Pm with ADE singularities symmetri
with respet to a point O (and a hyperplane) and singular in this point,
then it has a singularity A2n+1 in O.
Proof of lemma. Observe that resolving the singularities of S (by blow-
ing up step by step) we an extend the symmetry to an involution on
the desingularization S˜ of S. This involution preserves the ongura-
tion of urves obtained as the pre-image of our point O. Moreover the
involution indued on this onguration of urves has no isolated xed
points. Moreover it preserves one of its urves (the rst exeptional
divisor). We an see that from all ADE ongurations only A2n+1 an
have suh an involution. Indeed:
If the onguration is of type Ak then the involution preserves
eah of the urves in the diagram. So eah urve has at least two
xed points on it. Moreover eah urve is either xed (made of xed
points) or it intersets exatly two xed urves, and no two xed urves
interset eah other. Finally we get that k is odd.
If the onguration is of type Dk or Ek, let us onsider the urve
that uts three other urves (let us all it L). It has to be preserved
by the involution. So it is xed or uts at exatly two xed urves.
If it was xed then, all urves utting it would be preserved by the
involution and not xed. But, one of them does not interset any other
urves exept L, so it has to be xed. This gives a ontradition. If
it uts two xed urves then the third urve utting L also has to be
preserved by the involution so it gives a third xed point on L. So L
is xed and we get a ontradition.
This ends the proof of the lemma and in onsequene the theorem.

Remark 4.1. All ases of above theorem belong to the same family
of omplete intersetions of hypersurfaes of degree 2 and 4 in the
projetive spae P(1, 1, 1, 2, 2).
Remark 4.2. We an observe that the hyperellipti ase with smooth
image, from the proof of the theorem, never ours. This is beause it
would be an index 1 ase. In this ase ψ ◦ ϕ = ϕ|−2KZ | (see the proof
of orollary 4.1). By using [HW℄, we then onlude, that in the index
1 ase with g = 3 the system | − 2KZ | is very ample.
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In other words, any del Pezzo surfaes of index 1 an also be ob-
tained as a double overing of P2 branhed over a quarti urve, but
by our onstrution, it will be mapped diretly onto a quarti surfae
in P(1, 1, 1, 2).
Remark 4.3. Case (a) of Theorem 3.1 is the only example in the list of
del Pezzo surfaes from [AN℄ (it has number 25 in Table 3), with two
index 2 singularities. Case (b) of this theorem overs all other ases
of del Pezzo surfaes of index 2 with g = 3. Gorenstein surfaes are
represented by quartis not passing through the point (0 : 0 : 0 : 1),
while quartis passing through this point have in this point their only
index 2 singularity.
On the other hand, Theorem 3.1 an be reformulated in the following
way:
Corollary 4.1. We have one of the following morphisms from Z to a
projetive spae:
(a) a 2 : 1 morphism onto the one in P5, over the rational normal
quarti urve in P4, branhed over the intersetion of this one
with a quadri not passing through its vertex,
(b) an isomorphism given by | − 2KZ| to a omplete intersetion
in P6 of a one over the Veronese surfae with a (nonsingular)
quadri.
Proof. The orollary follows from Theorem 3.1 by omposing our map
ϕ from Lemma 1.2 with the embedding ψ.
From the proof of Lemma 1.2 we have that (ψ◦ϕ◦r)∗(OP3(1)) ⊂ |C3|.
Moreover, by Lemma 1.1, the system |C3| is of dimension 6 whih is
equal to the dimension of the spae spanned by the image (ψ◦ϕ◦r)(X)
in ase (b). This means, that in this ase ψ ◦ ϕ = ϕ|−2KZ |.
Case (a) from Theorem 3.1 leads diretly to ase (a) in above orol-
lary. 
Remark 4.4. From the above we dedue that in ase (b) of Theorem
3.1, the linear system |−2KZ| is very ample. In ase (a) this reasoning
doesn't work, nevertheless in this ase we an also prove that | − 2KZ |
is very ample. We prove that as follows. We an see that Z is a normal
hypersurfae of degree 8 in P(1, 1, 4, 4). Then by adjuntion formula
| − 2KZ| = OP(1,1,4,4)(4)|Z . We know that the latter is very ample.
5. Higher genus ases
In this setion we work out the remaining ases, still using the same
method. The basi result is the following theorem about the morphism
given by the system | − 2KZ| on Z.
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Theorem 5.1. If Z is a log del Pezzo surfae of index ≤ 2 with K2Z ≥ 3
then | − 2KZ| gives an isomorphism onto the image.
Let us rst prove some lemmas that will be important in the further
disussion.
Lemma 5.1. If S is a smooth rational normal sroll of degree d and
dimension n in Pn+d−1 invariant under a symmetry with respet to a
point O (and some hyperplane), then S is a quadri hypersurfae not
passing through O.
Proof. Suppose that S is a smooth sroll whih is symmetri with re-
spet to a point O. By utting S with n−d generi hyperplanes passing
through O, we redue the problem to S being a rational normal urve
of degree d in Pd.
If S is a symmetri rational normal urve o degree d in Pd, then a
generi hyperplane H passing through O uts S in a symmetri ong-
uration of d points that span this hyperplane. The only possibility for
this to happen is that d = 2 and O does not lie on S. 
Lemma 5.2. The ideal of a symmetri variety V is generated by sym-
metri elements.
Proof. For eah n let us onsider the linear system of hypersurfaes of
degree n ontaining V . This is a projetive spae with an involution
on it (given by the symmetry preserving V ). But an involution on a
projetive spae is a symmetry. To nish the proof it is enough to
observe that the xed points of any symmetry on a projetive spae
generate this spae. 
Let us pass to the proof of the theorem.
Proof of Theorem 5.1. Using Lemma 1.2, to prove the rst statement
it is enough to hek that the map ϕ|Dg| is birational and dedue that ϕ
is an isomorphism onto its image. Next by omparing dimensions as in
preeding theorems we obtain, that ϕ is given by the system | − 2KZ |.
Suppose that |Dg| is hyperellipti. Sine Dg have genus > 3 aord-
ing to [SD, th.5.7℄ we have three possibilities for the morphism given
by this system:
• It is a double overing of a smooth entrally symmetri rational
normal sroll of degree g− 1 in Pg. This is impossible beause smooth
srolls of odimension 2 are never entrally symmetri (see Lemma 5.1)
• It is a double overing of a one over a twisted ubi. In this ase
g = 4 and |D4| = |3E + 2Γ1 + Γ2| where E is an ellipti urve and
Γ1, Γ2 are smooth and rational urve suh that E.Γ1 = Γ1.Γ2 = 1.
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The involution on the K3 surfae X has to preserve the urves Γ1, Γ2
(beause it preserves the system, the ellipti urve E and the inverse
image of the vertex of the one) and restrited to them annot have
isolated xed points (as Dg.Γi = 0 for i = 1, 2). This is impossible
beause on eah of these two urves there have to be at least two xed
points, but two xed urves annot interset.
• It is a double overing of a one over a twisted quarti. In this
ase g = 5 and |D5| = |4E+2Γ| where E is an ellipti urve and Γ is a
smooth rational urve suh that E.Γ = 1. Then the map given by D5
an be extended to a map ϕ˜ on the desingularization of the one, that
is the sroll F4. The map ϕ˜ has to be branhed over the exeptional
setion e of the sroll (as its inverse image on the K3 surfae X is
an irreduible −2 urve). Moreover we know that the branh lous of
this map has to ut the generi line from the ruling of the sroll in
a onguration of 4 points symmetri with respet to the 2 points of
intersetion of this line with the setion e and the image of D5. It also
uts D5 in 12 points. These statements together give us a ontradition
beause the generi line of the ruling does not pass through any of
these 12 points, so the onguration of the three remaining points on
the generi line annot be symmetri. 
We an know pass to a deeper analysis of partiular ases onsidered
in this setion.
Theorem 5.2.
1) If Z is a log del Pezzo of index ≤ 2 with g = K2Z + 1 = 4, it is
isomorphi to a omplete intersetion in w.p.s. P(1, 1, 1, 1, 2) ⊂ P10
(with oordinates x, y, z, t, u) dened by polynomials F,G of weighted
degree 2 and 3 respetively, suh that the variety in P4 (with oordinates
a, b, c, d, e) given by equations F (a, b, c, d, e2) = 0, G(a, b, c, d, e2) = 0
has only Du Val singularities lying outside the hyperplane {e = 0}.
2) Conversely every suh omplete intersetion is a log del Pezzo sur-
fae of index ≤ 2.
Proof. After the above disussion the proof of Theorem 5.2 is straight-
forward. It is enough to observe (using [SD, 6.5.3℄) that the morphism
given by D4 is birational onto the omplete intersetion of a symmetri
quadri and a symmetri ubi in P4. We then take the quotient by
this symmetry and nish the proof. 
Remark 5.1. From Lemma 5.1 we dedue that the log del Pezzo surfae
obtained in Theorem 5.2 has an index 2 singularity if and only if the
quadri given by F (a, b, c, d, e2) = 0 is singular. If this quadri is
smooth, then Z is isomorphi to a ubi surfae in P3.
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Reall (see [HW℄) that, if Z is of index 1 (Gorenstein) and g ≥ 5,
then it is isomorphi to an intersetion of
(g−1)(g−4)
2
hypersurfaes of
degree 2 in Pg−1. In the next theorem we deal with the ases of index
= 2.
Theorem 5.3. If Z is a log del Pezzo surfae of index = 2 and with
K2Z ≥ 4, then the image ϕ|−2KZ |(Z):
(a) is a one over a rational normal quarti in P5,
(b) is ontained in a threefold one over the image by the double
Veronese embedding of a rational normal srollar surfae,
() is ontained in a threefold one over the image of the quadruple
Veronese embedding of P2 in P14.
Proof. Observe that by [SD, th.7.2℄ we know that the ideal I of the
image ϕ|Dg|(X) is generated by elements of degree 2 and 3. Sine
the index 2 singularity an appear only if ϕ|Dg|(X) passes through the
enter of symmetry O all quadris and ubis generating the ideal have
to pass throughO and by Lemma 1.1 have to dene symmetri varieties.
The only possibility that a quadri Q is symmetri with respet to a
point lying on it is that Q is a one. Following [SD℄ let us denote
the variety given by all elements of degree 2 in I by T|Dg|. Naturally
ϕ|Dg|(X) ⊂ T|Dg|. Aording to [SD℄ and taking into aount that T|Dg|
has to be symmetri we have two possibilities:
• either ϕ|Dg|(X) = T|Dg|
• or T|Dg| is a threefold one
In the rst ase ϕ|Dg|(X) has to be a one with Du Val singulari-
ties (in partiular isolated). Hene, it has only one singularity, that is
the one in the vertex of the one. It has to be a singularity A1 sine
the exeptional urve of the blowing up of an irreduible one is ir-
reduible. Therefore Z is a one with a singularity K1 in the vertex.
Using [AN, table 3℄ we get that the DPN surfae Y is isomorphi to
F4. By ontrating the exeptional setion we obtain Z to be the one
over a rational normal quarti as in ase (a) of the theorem.
In the seond ase following [SD℄ and taking into aount that
T|Dg| is a one we obtain that T|Dg| has to be one of the following:
- a one over a rational normal srollar surfae
- a one over the Veronese surfae
This proves the theorem sine after taking the quotient by the sym-
metry above ases pass to ases (b) and () from the assertion respe-
tively. 
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As a onsequene of the proof of above theorem we get the following
orollary.
Corollary 5.1. If Z is a log del Pezzo surfae of index = 2 with g =
K2Z + 1 ≥ 4, then it is isomorphi to a surfae in P(1
g, 2) generated by
equations of degree 2 and 3.
In the following theorem we write ase () from Theorem 5.3 in
terms of equations in a weighted projetive spae in a dierent and
more preise way.
Theorem 5.4.
1) If Z is a log del Pezzo surfae orresponding to ase () of the
Theorem 5.3, then Z is isomorphi to a surfae in P(1, 1, 1, 4) given by
an equation F5 suh that F5(a, b, c, d
4) = 0 denes a surfae of degree 5
in P3 (with oordinates a, b, c, d) with ADE singularities and smooth
in the point (0 : 0 : 0 : 1).
2) The onverse statement is also true.
Proof. In this ase, the morphism ϕ|D6| : X −→ P
6
is birational onto
its image, that is ontained in a one over the Veronese surfae. This
means that ϕ|D6|(X) is a K3 surfae with Du Val singularities lying on
a one over the Veronese surfae (that is in P(1, 1, 1, 2)). Hene it is a
hypersurfae of degree 5 in P(1, 1, 1, 2). Let us denote its equation by
F˜5. Observe that the surfae S, given in P
3
(with oordinates a, b, c,
d) by the equation F˜5(a, b, c, d
2) = 0, is normal as it is a hypersurfae
with isolated singularities. The singularity of this surfae in the point
(0 : 0 : 0 : 1) is thus a normal double overing of a Du Val singularity
branhed in one point, hene it is a Du Val singularity (or it an be
smooth). From Lemma 4 we dedue that S is either smooth in (0 :
0 : 0 : 1) or has there an A2n+1 singularity. The latter is impossible,
sine the quotient of an A2n+1 singularity by a entral symmetry is of
type Kn (that is not ADE). We dedue that S is smooth in the point
(0 : 0 : 0 : 1) and has only Du Val singularities outside.
We know from 1.1 that ϕ|D6|(X) is irreduible and symmetri with
respet to the symmetry s˜ : P(1, 1, 1, 2) ∋ (x : y : z : t) 7→ (x : y : z :
−t) ∈ P(1, 1, 1, 2). In the same way as in theorems 2.1 and 3.1 this
indues that F˜5 is of the form F5(x, y, z, t
2). By taking the quotient by
the symmetry s, we obtain the rst part of the theorem.
The onverse statement is a onsequene of the adjuntion formula
and the normality of above equations. 
Remark 5.2. From the above theorem we dedue, that all surfaes or-
responding to ase (c) of Theorem 5.3 have a K1 singularity.
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Remark 5.3. To distinguish between ases (a), (b) and () from Theo-
rem 5.3, we an use [SD℄ one more.
Case (a) is well desribed and isolated. It is the only ase where
g = 10. In table 3 of [AN℄ it has number 11
Case (b) orresponds to the ase where there exists an ellipti penil
|E| on the K3 surfae X suh that E.Dg = 3 (it means that we are in
the trigonal ase, i. e. the urve Dg is trigonal).
Case () orresponds to the ase where Dg is isomorphi to a plane
quinti. In this ase g = 6 and |D6| = |2B +Γ| where B is some urve
of genus 2 and Γ a rational urve suh that B.Γ = 1.
Let us see whih of the ases from [AN, table 3℄ orresponds to ase
(b) and (). To do this we hek all diagrams with k>0 and g = 6
together with all diagrams that we obtain by hoosing subgraphs of
above ones. We see that, exept in ase 15, in all these ases there is
always one of the onguration of urves written below.
(i)
❝ 
❝ ❝ ❝
❅
❝
❅
❝ ❝ ❝
1
1 1 1
1
1 1 1
 
. . .
. . .
(ii)
❝
❝
❝ ❝ ❝
❝
❝ 
❅  
❅
1
1
2 2 2
1
1
. . .
(iii)
❝ ❝ ❝ ❝ ❝ ❝ ❝
❝
1 2 3 4 3 2 1
2
(iv)
❝ ❝ ❝ ❝ ❝ ❝ ❝ ❝
❝
2 4 6 5 4 3 2 1
3
(v)
❝ ❝ ❝ ❝ ❝
❝
❝
1 2 3 2 1
2
1
We wrote those ongurations of urves with some multipliities, so
that they generate an appropriate linear system. We hek that the
linear systems of eah of these ongurations of urves with hosen
multipliities is an ellipti penil on X (we do it by interseting it with
eah of its omponents and getting always zero). In all above ases, we
an hoose these ongurations so that E.Cg = 3.
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In ase 15 for eah of the diagrams (there is one main diagram but
there are also diagrams generated by subgraphs), using the method
desribed at the end of setion 0, we an write the system |Dg| as
|2B + Γ|. For example in the ase represented by the full diagram we
write |Dg| in the following way:
❝ ❝
❝
❝
❝ ❝ ❝
❝ ❝ ❝
5
10
8
8
6 4 2
6 4 2
=
+
2
×❝ ❝ ❝
❝
❝ ❝
❝ ❝ ❝
❝❝
2
5
4
4
3 2 1
3 2 1
Remark 5.4. Let Z be a log del Pezzo surfae of index = 2 and with
g = K2Z + 1 = 5. Then the image of the map |D5| is a degree eight
intersetion in P5 of a one over a rational normal srollar surfae in P4
(it is of degree 3) with two symmetri (see Lemma 5.2) ubi hypersur-
faes (in fat it is a omponent of the intersetion of this one with one
ubi hypersurfae where the seond omponent has to be a plane). We
an also obtain a onverse statement saying that: eah surfae with Du
Val singularities and obtained as a omponent of degree 8 of a setion
of the one with a ubi surfae is a K3 surfae (singular). We add to
this the ondition to being symmetri. Then if we take the quotient by
the symmetry we obtain a desription of del Pezzo surfaes of index 2
and K2Z = 4.
In general if Z has g ≥ 6 our method does not give satisfatory
results beause in those ases we do not have a list of orresponding
K3 surfaes given in terms of equations. For this reason we give the
omplete list of del Pezzo surfaes with g ≥ 6 (see [AN, table 3℄). We
do the following.
Theorem 5.5. There are only ve families of dimension ≥ 1 of del
Pezzo surfaes with index 2 and g ≥ 6 and a nite number of isomor-
phism lasses not in these families.
Proof. We use the tori argument desribed in [AN, proof of thm 4.2℄
to all the diagrams of DPN (see [AN, table 3℄) surfaes with g ≥ 6.
We do as follows. We onsider all diagrams of exeptional urves that
our on DPN surfaes with g ≥ 6, that is all diagrams from [AN, table
3℄ with g ≥ 3 and all their assoiated diagrams. The diagram permits
us to write the DPN surfaes as obtained by a sequene of blowing ups
of P
2
, P
1×P1 or Fn. These are tori varieties. The torus group ats on
the spae of hoies for the blowing ups. Our task is to ompute the
dimensions of spaes of orbits. After a straightforward omputation,
we obtain that the only non disrete families of DPN surfaes of g ≥ 6
with a xed diagram of exeptional urves are:
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(1) P2 blown up in ve point on a line.
(2) F1 blown up in four points on a ber of whih one on the ex-
eptional setion.
(3) F3 blown up in four points on a ber of whih one on the ex-
eptional setion.
(4) P1 × P1 blown up in four points on a ber.
(5) F2 blown up in four points on a ber of whih one on the ex-
eptional setion and another point on this setion.
The rst of them is two dimensional, beause it is lassied by on-
gurations of ve point on a line. The others are one dimensional, as
they are onneted with ongurations of four points on a line. By
ontrating Duv and Log parts of the diagrams we obtain families of
log del Pezzo surfaes. 
Remark 5.5. The families (1) and (2) from above theorem ome from
subgraphs from the ase 15 of [AN, table 3℄, so their orresponding
families of del Pezzo surfaes are desribed as quintis in P(1, 1, 1, 4).
6. Appliation
As an appliation of these results with the help of [AN, table 3℄ we
an get the list of all ongurations of singularities that an our on
surfaes dened by equations desribed in the paper, or equivalently
on symmetri singular K3 surfaes orresponding to them. Moreover
from Setion 0 we know that all these ongurations of singularities do
our. Below we show some interesting examples of this type.
Example 6.1. As an example we an get a list of all ongurations
of singularities that appear on a symmetri sexti plane urve with
at most a double singularity in the enter of symmetry. This result
without the assumption of being symmetri is desribed in [AN℄. The
omplete list desribed there is muh longer (and not formulated ex-
pliitly). We rst deal with the ase where the sexti is symmetri with
respet to a point on it. We have the following list:
- An A1 singularity in the enter of symmetry and twie (be-
ause singular points appear in pairs) the following ongura-
tion (ompare with [AN, se.4.2℄):
2D4;
D8;
D7;
D62A1, D6A1, D6; D5A3, D5A2, D52A1, D5A1, D5;
D4A3, D4A2, D43A1, D42A1, D4A1, D4;
A7;
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A6;
A52A1, A5A1, A5;
A4A3, A4A2, A42A1, A4A1, A4;
2A3A1, 2A3, A3A22A1, A3A2A1, A3A2, A34A1, A33A1, A32A1,
A3A1, A3;
2A22A1, 2A2A1, 2A2, A24A1, A23A1, A22A1, A2A1, A2;
6A1, 5A1, 4A1, 3A1;
2A1, A1;
∅;
- A singularity A3 in the enter of symmetry and twie the fol-
lowing onguration:
A7;
A6;
A5A1, A5;
A4A2, A4A1, A4;
2A3, A3A2, A32A1, A3A1, A3;
2A2A1, 2A2, A22A1, A2A1, A2;
4A1, 3A1, 2A1, A1;
∅.
- A singularity A5 in the enter of symmetry and twie the fol-
lowing onguration:
A5A1, A5;
A4A1, A4;
A32A1, A3A1, A3;
2A2A1, 2A2, A22A1, A2A1, A2;
4A1, 3A1, 2A1, A1;
∅.
- A singularity A7 or A9 in the enter of symmetry and twie the
following onguration:
A4;
A3;
A2A1, A2;
2A1, A1;
∅;
- A singularity A11 in the enter of symmetry and twie the fol-
lowing onguration:
A2;
A1;
∅;
- A singularity A13 in the enter of symmetry and twie A1 or ∅;
- A singularity A15 or A17 in the enter of symmetry and smooth
outside.
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If the sexti does not pass through the enter of symmetry it is either
the sum of three tangent onis or has only simple singularities. In
the latter we have a very long list of ases, desribed by all possible
subgraphs of the following graphs:
E8, A8, A7A1, A5A2A1, 2A4, D8, D5A3, E6E2, E7A1, D62A1, 2D4,
2A32A1, 4A2.
Example 6.2. As in the previous example we get a desription of all
ongurations of only Du Val singularities that appear on a symmetri
quarti in P3.
- if the quarti passes through the enter of symmetry there an
be only An singularities and only in the following ongura-
tions:
A1 in the enter and a symmetri onguration of:
∅, 2A7, 2A6, 2A5, 2A4, 2A3, 2A2, 2A1,
2A52A1, 2A42A2, 4A3, 2A42A1, 2A32A1, 2A22A1, 4A1, 2A32A2,
4A2,
2A34A1, 2A24A1, 6A1, 4A22A1,
8A1,
or A3 in the enter and a symmetri onguration of:
∅, 2A3, 2A2, 2A1,
4A3, 2A32A2, 2A32A1 4A2, 2A22A1, 4A1,
2A34A1, 2A24A1, 6A1,
8A1,
or A5 in the enter and a symmetri onguration of:
∅, 2A2, 2A1,
4A2, 2A22A1, 4A1,
or A7 in the enter and a symmetri onguration of:
∅, 2A2, 2A1,
2A22A1, 4A1,
or A9 in the enter and a symmetri onguration of:
∅, 2A2, 2A1,
or A11 in the enter and a symmetri onguration of:
∅, 2A2, 2A1
- if the quarti does not pass through the enter of symmetry the
ongurations are desribed in [HW℄ and orrespond to sub-
graphs of the extended Dynkin diagram E˜7. We an also prove
this looking to [AN, table 3℄.
Example 6.3. We know that the ase (a) of Theorem 3.1 is the only
ase with two index 2 singularities, and this is ase number 25 from
[AN, table 3℄. The Du Val singularities of these log del Pezzo surfaes
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orrespond to the singularities of the branh divisor of the map ϕ. From
this we dedue, that all ongurations of singularities, that appear on
a urve of degree 8 in P(1, 1, 4) having only Du Val singularities and
not passing through the point (0 : 0 : 1), are dened by subgraphs of
the singularity A7. That is, are one of the following:
A7, A6,
A5A1, A4A1, A3A1, A2A1, 2A1, A4A2, A3A2, A2A2, A3A3,
A32A1, A22A1, 2A2A1, 3A1,
4A1.
Example 6.4. We an write down all ongurations of only Du Val
singularities that our on a symmetri surfae being a omplete in-
tersetion of a quadri and a ubi in P
4
. They an have only An
singularities and only in the following ongurations:
- if the surfae passes through the enter of symmetry A1 in the
enter and a symmetri onguration of:
∅, 2A5, 2A4, 2A3, 2A2, 2A1,
2A52A1, 2A42A1, 2A32A1, 2A22A1, 4A1, 4A2,
2A34A1, 2A24A1, 6A1, 4A22A1,
8A1,
or A3 in the enter and a symmetri onguration of:
∅, 2A2, 2A1,
4A2, 2A22A1, 4A1
or A5 in the enter and a symmetri onguration of:
∅, 2A2, 2A1,
4A2, 2A22A1, 4A1,
or A7 in the enter and a symmetri onguration of:
∅, 2A1,
or A9 in the enter and a symmetri onguration of:
∅, 2A1,
- If the surfae does not pass through the enter of symmetry,
then its quotient by the symmetry s is a double overing of a
ubi surfae in P3 branhed over a smooth urve. This im-
plies that ongurations of singularities that an appear on this
surfae are non-branhed overings of the ongurations of sin-
gularities that an appear on the ubi. These are symmetri
ongurations of subgraphs of the following graphs:
E6, A5A1, 3A2.
Example 6.5. The ongurations of singularities that our on a quin-
ti with only Du Val singularities outside the point (0 : 0 : 0 : 1) in
P(1, 1, 1, 4) and quasi-smooth in this point are:
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A singularity K1 in the point (0 : 0 : 0 : 1) and one of the
following ongurations of An singularities:
∅, A4, A3, A2, A1,
A2A1, 2A1
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